Abstract. We classify the semi-Riemannian submersions from a pseudo-hyperbolic space onto a Riemannian manifold under the assumption that the fibres are connected and totally geodesic. Also we obtain the classification of the semiRiemannian submersions from a complex pseudo-hyperbolic space onto a Riemannian manifold under the assumption that the fibres are complex, connected and totally geodesic submanifolds.
Introduction
The theory of Riemannian submersions was initiated by O'Neill [13] and Gray [8] . Presently, there is an extensive literature on the Riemannian submersions with different conditions imposed on the total space and on the fibres. A systematic exposition could be found in Besse's book [2] . Semi-Riemannian submersions were introduced by O'Neill in his book [14] . The class of harmonic Riemannian submersions, and in particular of those with totally geodesic fibres, is contained in the class of horizontally homothetic harmonic morphisms. For important results concerning the geometry of harmonic morphisms we refer to [1] . Wood constructs examples of harmonic morphisms from Riemannian submersions with totally geodesic fibres by horizontally conformal deformation of the metric. Recently, Fuglede studied harmonic morphisms between semi-Riemannian manifolds (see [7] ). In this paper we solve the classification problem of the semi-Riemannian submersions with totally geodesic fibres from real and complex pseudo-hyperbolic spaces. R. Escobales [5] , [6] and A. Ranjan [15] classified Riemannian submersions with totally geodesic fibres from a sphere S n and from a complex projective space CP n . M.A. Magid [12] classified the semi-Riemannian submersions with totally geodesic fibres from an anti-de Sitter space onto a Riemannian manifold. In section §2 we classify the semi-Riemannian submersions with totally geodesic fibres from a pseudo-hyperbolic space onto a Riemannian manifold. Also we obtain the classification of the semi-Riemannian submersions with connected, complex, totally geodesic fibres from a complex pseudo-hyperbolic space onto a Riemannian manifold. Definition 1. Let (M, g) be an m-dimensional connected semi-Riemannian manifold of index s (0 ≤ s ≤ m), let (B, g ′ ) be an n-dimensional connected semiRiemannian manifold of index s ′ ≤ s, (0 ≤ s ′ ≤ n). A semi-Riemannian submersion (see [14] ) is a smooth map π : M → B which is onto and satisfies the following three axioms:
(a) π * | p is onto for all p ∈ M; (b) the fibres π −1 (b), b ∈ B are semi-Riemannian submanifolds of M; (c) π * preserves scalar products of vectors normal to fibres.
We shall always assume that the dimension of the fibres dim M − dim B is positive and the fibres are connected.
The tangent vectors to fibres are called vertical and those normal to fibres are called horizontal. We denote by V the vertical distribution and by H the horizontal distribution. B. O'Neill [13] has characterized the geometry of a Riemannian submersion in terms of the tensor fields T , A defined by A E F = h∇ hE vF + v∇ hE hF T E F = h∇ vE vF + v∇ vE hF for every E, F tangent vector fields to M. Here ∇ is the Levi-Civita connection of g, the symbols v and h are the orthogonal projections on V and H, respectively. The letters U, V will always denote vertical vector fields, X, Y , Z horizontal vector fields. Notice that T U V is the second fundamental form of each fibre and A X Y is a natural obstruction to integrability of horizontal distribution H. The tensor A is called O'Neill's integrability tensor. For basic properties of Riemannian submersions and examples see [2] , [8] , [13] . A vector field X on M is said to be basic if X is horizontal and π−related to a vector field X ′ on B. Notice that every vector field X ′ on B has a unique horizontal lifting X to M and X is basic. The following lemma is well known (see [13] 
The O'Neill's integrability tensor A has the following properties (see [13] or [2] 
(c) A E maps the horizontal subspace into the vertical one and the vertical subspace into the horizontal one;
Letĝ be the induced metric on fibre π −1 (π(p)), p ∈ M. We denote by R, R ′ ,R the Riemann tensors of the metrics g, g ′ ,ĝ respectively.
The following equations, usually called O'Neill's equations, characterize the geometry of a semi-Riemannian submersion (see [13] , [8] , [2] 
Using O'Neill's equations, we get the following lemma.
is a semi-Riemannian submersion with totally geodesic fibres then:
We recall the definitions of real and complex pseudo-hyperbolic spaces (see [14] and [3] ).
Definition 2. Let < ·, · > be the symmetric bilinear form on R m+1 given by [16] ). Definition 3. Let (·, ·) be the hermitian scalar product on C m+1 given by
and endowed with the induced metric of
The natural action of
1 endowed with the unique indefinite Kähler metric of index 2s such that the projection M → M/S 1 becomes a semi-Riemannian submersion (see [3] ). CH Many explicit examples of semi-Riemannian submersions with totally geodesic fibres can be given following a standard construction (see [2] for Riemannian case). Let G be a Lie group and K, H two compact Lie subgroups of G with K ⊂ H. Let π : G/K → G/H be the associated bundle with fibre H/K to the H−principal bundle p : G → G/H. Let g be the Lie algebra of G and k ⊂ h the corresponding Lie subalgebras of K and H. We choose an Ad(H)−invariant complement m to h in g, and an Ad(K)−invariant complement p to k in h. An ad(H)-invariant nondegenerate bilinear symmetric form on m defines a G-invariant semi-Riemannian metric g ′ on G/H and an ad(K)-invariant nondegenerate bilinear symmetric form on p defines a H-invariant semi-Riemannian metricĝ on H/K. The orthogonal direct sum for these nondegenerate bilinear symmetric forms on p ⊕ m defines a G-invariant semi-Riemannian metric g on G/K. The following theorem is proved in [2] .
semi-Riemannian submersion with totally geodesic fibres.
Using this theorem we get the following examples.
We have the semi-Riemannian submersion
. We have the semiRiemannian submersion
. We obtain the semi-Riemannian submersion
In this case the pair (f,f) is called a bundle isometry.
We shall need the following theorem, which is the semi-Riemannian version of theorem 2.2 in [5] . (1) f * p :
, where Proof. Since M is geodesically complete, the base space B is complete. Letg be the Riemannian metric on M defined bỹ
for every E, F vector fields on M. Sinceg is a horizontally complete Riemannian metric (this means that any maximal horizontal geodesic is defined on the entire real line) and B is a complete Riemannian manifold then H is an Ehresmann connection for π (see theorem 1 in [17] ). By theorem 9.40 in [2] , it follows π : M → B is a locally trivial fibration and we have an exact homotopy sequence
Since M is simply connected, we have π 1 (B) = 0. If B has nonpositive curvature, then π 2 (B) = 0 by theorem of Hadamard. It follows π 1 (f ibre) = 0. Proof. In order to prove that B is a locally symmetric space we need to check that
In order to prove that the curvature tensor R ′ of the base space is parallel, we have to lift all vector fields in relation (2.1). By lemma 1.1, the horizontal liftings of ∇
Using this relation we compute 
s has constant curvature, we get (∇ X 0 R)(X, Y, Z) = 0. So the sum of the first four terms in relation (2.2) is zero.
We have 
By circular permutations of (X, Y, Z) in the last relation we get
So the sum of all terms in relation (2.2) is zero. We proved that (∇
, so B is a locally symmetric space. By proposition 2.2, B is simply connected and complete. Therefore B is a Riemannian symmetric space. By proposition 2.1, B has negative sectional curvature. Hence B is a noncompact Riemannian symmetric space of rank one.
Let b ∈ B. Since π −1 (b) is a totally geodesic submanifold of a geodesically complete manifold, [14] ). Hence any fibre is diffeomorphic to S s . We shall prove below that the tangent bundle of any fibre is trivial. From a well known result of Adams it follows that s ∈ {1, 3, 7}. . Since π * p sends isometrically H p into T b B we have {π * X(p), π * y 1 , · · ·, π * y l } is a linearly independent system which can be completed to a basis of T b B with a system of vectors {x l+1 , · · ·, x n−1 }. Let X, X 1 , X 2 , · · ·, X n−1 be the horizontal liftings along the fibre π
Lemma 2.4. The tangent bundle of any fibre is trivial.

Proof of lemma 2.4. Since g(A
By lemma 1.4, we have for every q ∈ π −1 (b) and for every i ∈ {1, . . . , l}
Since the induced metrics on fibre π −1 (b) are negative definite, we get A X(q) X i (q) = 0. By lemma 1.2 (a), we have A X(q) X(q) = 0. We proved that {X(q), X 1 (q), . . . , X l (q)} ⊂ ker A * X(q) . Since π * q sends isometrically H q into T b B, we get {X(q), X 1 (q), . . . , X l (q)} is a basis of the vector space ker A * X(q) for every point q ∈ π −1 (b). Let V l+1 = A * X X l+1 , · · ·, V n−1 = A * X X n−1 be tangent vector fields to the fibre π −1 (b). We denote by Q q the vector subspace of H q spanned by {X l+1 (q), X l+2 (q), ·· ·, X n−1 (q)}. Letg be the Riemannian metric on π
) is an isometry for every q ∈ π −1 (b). So {V l+1 , · · ·, V n−1 } is a global frame for the tangent bundle of π −1 (b). It follows the tangent bundle of the fibre π −1 (b) is trivial.
This ends the proof of theorem 2.3.
By the classification of the Riemannian symmetric spaces of rank one of noncompact type, we have B is isometric to one of the following spaces: This will give us more information about the relation between the dimension of fibres and the geometry of base space. 
By Schwartz inequality applied to the positive definite scalar product induced on H, we have
≥ −4 for every orthogonal vectors Z ′ and Y ′ . We proved that −4 ≤ K ′ ≤ −1. We shall prove that if the base space B has constant curvature c then c = −4. It is sufficient to see that for any point b ∈ B there is a 2−plane α ∈ T b B such that K(α) = −4. We choose α = {π * Z, π * A Z V } where Z is a horizontal vector and V is a vertical vector. By lemma 1.4, we have
We notice that Z and A Z V are orthogonal, because, by lemma 1.2, we have
for every horizontal vector X and for every vertical vector U. By lemma 1.2 (d), we get g(A X A X U, U) = g(X, X)g(U, U). Hence, by polarization, we find A X A X U = g(X, X)U for every horizontal vector X and for every vertical vector U. Therefore the relation (2.3) becomes
Therefore if the base space B has constant curvature c then c = −4.
Let X be a horizontal vector field. By lemma 1.4, Y ∈ ker A * X if and only if
For every X ′ ∈ T π(p) B, we denote by
With this notation, π * (ker A *
We compute dim L X ′ from the geometry of B. We have the following possibilities for B:
We have
n is isometric to H 4 (−4), which falls in the case a), since H 4 (−4) is isometric to HH 1 . If s = 7 then dim H = 8 and this is the case b ii).
Case 2. B = CH k . Let I 0 be the natural complex structure on CH k . The curvature tensor of complex hyperbolic space CH k with −4 ≤ K ′ ≤ −1 is given by
We get
Case 3. B = HH k . Let {I 0 , J 0 , K 0 } be local almost complex structures which rise to the quaternionic structure on HH k . The curvature tensor of the quaternionic hyperbolic space HH k with −4 ≤ K ′ ≤ −1 (see [9] ) is given by
local almost complex structures which rise to the Cayley structure on CaH 2 Cayley hyperbolic plane. The curvature tensor of the Cayley plane CaH 2 with −4 ≤ K ′ ≤ −1 (see [4] ) is given by
Summarizing all of the above, we obtain our main classification result.
Main Theorem 2.6. 
Proof. The index of the pseudo-hyperbolic space cannot be s = 0. Indeed, by lemma 1.4, for s = 0, we get 0 ≤ g(A X V, A X V ) = −g(X, X)g(V, V ) ≤ 0 for every horizontal vector X and for every vertical vector V . But this is not possible. By [12] , any semi-Riemannian submersion with totally geodesic fibres, from a pseudo-hyperbolic space of index 1 onto a Riemannian manifold is equivalent to the canonical semi-Riemannian submersion H 2k+1 1 → CH k . It remains to study the case s > 1. By theorem 2.3 and proposition 2.5, any semi-Riemannian submersion with totally geodesic fibres from a pseudo-hyperbolic space of index s > 1 onto a Riemannian manifold is one of the following types:
In order to prove that any two semi-Riemannian submersions in one of the categories (1) or (2) are equivalent we shall modify Ranjan's argument (see [15] ) to our situation. In the category (3), we shall prove there are no such semiRiemannian submersions with totally geodesic fibres.
First, we shall prove the uniqueness in the case H
and let U : V p → End(H p ) the map given by U(v)(x) = A x v for every v ∈ V p and for every x ∈ H p . We denote
Vp . This is the condition which allows us to extend U to a representation of the Clifford algebra Cl(V p ,g p ) of V p . We also denote by U the extension of U. Since dim V p = 3 andg p is positive definite, Cl(V p ,g p ) has at most two types of irreducible representations. We notice that H p is a Cl(V p ,g p )-module which splits in simple modules of dimension 4. The next step is to show that any two such simple modules in decomposition of H p are equivalent. Let {v 1 , v 2 , v 3 } be an orthonormal basis of (V p ,g p ). Since the affiliation of a simple Cl(V p ,g p )-module to one of the two possible types is decided by the action of v 1 v 2 v 3 , it is sufficient to check that
A straightforward computation shows that A x A Axv 3 v 2 is orthogonal to v 2 and v 3 . Hence A x A Axv 3 v 2 is a multiple of v 1 .
By polarization of the relation A x A x v = g(x, x)v, we get A x A y + A y A x = 2g(x, y)Id for every horizontal vectors x and y . In particular, we have
Let S be the vector subspace of H p spanned by {x,
. By geometry of HH n , there exists a unique totally geodesic hyperbolic line HH 1 passing through π(p) such that T π(p) HH 1 = π * S. Notice that for every orthonormal vectors
x, x) defined on the unit sphere in H p is continuous, we get either
We may assume the case (i) holds. If the case (ii) is happen, we replace the orthonormal basis {v 1 , v 2 , v 3 } of (V p ,g p ) with the orthonormal basis {v 1 , v 2 , −v 3 }. So for this new basis we are in the case (i).
Since
2 for all unit horizontal vectors x. So the Schwartz inequality for the scalar product g| Hp
becomes equality. It follows that
is an isometry and we assumed the case (i), it follows λ = 1. We proved that
→ HH k be another semi-Riemannian submersion with totally geodesic fibres. For an arbitrary chosen point q ∈ H fibres, by theorem 2.5 in [6] . Since the dimension of fibres ofπ is greater than or equal to 2, we get, by main theorem 2.6, the following possible situations: i) m = 2k + 1, 2s + 1 = 3 and B is isometric to HH k or ii) m = 7, 2s + 1 = 7 and B is isometric to H 8 (−4).
First, we shall prove that any two semi-Riemannian submersions π, π ′ : CH 2k+1 1 → HH k with connected, complex, totally geodesic fibres are equivalent. By proof of proposition 2.7, we have g(A X U, A X U) = −g(U, U)g(X, X). Let p, q ∈ CH 
